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ABSTRACT

For reinforced concrete structures subjected to blast effects, response at very high strain
rates (up to 1000 s-1) is often sought.  At these high strain rates, the apparent strength of concrete
can increase significantly.  The dynamic increase factor (DIF), i.e. the ratio of the dynamic to
static strength, is normally reported as function of strain rate.  For concrete, the DIF can be more
than 2 in compression, and more than 6 in tension. Knowledge of the DIF is of significant
importance in the design and analysis of structures for explosives safety.  DIF curves for concrete
have been published in manuals by the Tri-Services, the Defense Special Weapons Agency, the
Air Force, and the Department of Energy.  However, these curves are typically based on limited
data.

A literature review was conducted to determine the extant data to characterize the effects
of strain rate on the compressive and tensile strengths of concrete.  This data support the dynamic
increase factor (DIF) being a bilinear function of the strain rate in a log-log plot.  The DIF
formulation recommended by the European CEB was described, together with its origins.  For
tension, it was found that the data differed somewhat from the CEB recommendations, mostly for
strain rates beyond 1 s-1, and an alternate formulation was proposed based on the experimental
data.

INTRODUCTION

Several reviews of the properties of concrete in both tension and compression under
dynamic loading have been completed recently [1-5].  More emphasis is typically placed on the
compressive behavior, for which more data is available, and less on the tensile response.  The
effect of strain rate on the concrete compressive and tensile strengths is typically reported as a
dynamic increase factor (DIF) – i.e. the ratio of dynamic to static strength – versus strain rate, on
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a semi-log or log-log scale.  This is a convenient format for implementation into numerical
models.  In particular the CEB Model Code [6] reports DIFs for compressive and tensile
strengths under high rates of loading, based both on test results and analytical models.  Recent
data by Ross et al. [7-15] provides additional insight in the tensile range that was not previously
available.  All the previous data are hereby analyzed and used in providing an updated DIF versus
strain rate relationship for concrete in tension.

RESEARCH SIGNIFICANCE

In the analysis of reinforced concrete structures subjected to blast loading, both concrete
and steel are subjected to very high strain rates, in the order of 10 s-1 to 1000 s-1.  At these high
strain rates, the apparent strength of these materials can increase significantly, by more than 50%
for the reinforcing steel [16-20], by more than 2 for concrete in compression [2], and by more
than 6 for concrete in tension [1,21-24].

The Defense Special Weapons Agency (DSWA), under the Conventional Weapons Effects
(CWE) program, has sponsored the numerical study of the response of reinforced concrete
structures subjected to internal explosions.  In these structures, reinforced concrete walls often fail
in tension beyond the tensile membrane range.  The response of these structural elements is very
dependent on the tensile behavior of concrete.  The relatively large strain rate enhancement of the
tensile strength emphasizes the importance of an accurate assessment of the dynamic behavior of
concrete in tension.

A DIF versus strain rate relationship for concrete in tension is of direct use in numerical
models.  As part of the DSWA study an assessment of material properties at high strain rates was
completed [25] and is enhanced in the current paper for concrete in tension.  In the numerical
analyses, DIF versus strain rate relationships for concrete in both tension and compression were
used for input in explicit Lagrangian finite element codes such as DYNA3D [26-29] and in a
modified version of the nonlinear concrete material model in the finite element code ADINA [30].

CEB FORMULATION

Perhaps the most comprehensive model for strain rate enhancement of concrete both in
tension and compression is presented by the CEB Model Code [6].

Compression

In compression, the CEB model appears to properly fit the available data [2].  The
dynamic increase factor (DIF) for the compressive strength, is given by:
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where  ƒc = dynamic compressive strength at &ε
ƒcs = static compressive strength at &ε s

ƒc /ƒcs = compressive strength dynamic increase factor (DIF)
&ε = strain rate in the range of 30 × 10-6 to 300 s-1

&ε s = 30 × 10-6 s-1  (static strain rate)
log γ = 6.156 α - 2.

αs = 1/(5+9ƒcs /ƒco)
ƒco = 10 MPa  = 1450 psi.

This formulation captures specific material behaviors that are reflected in the following
properties:
• in a log(DIF) versus log( &ε ) the relationship is bilinear with a change in slope around 30 s-1

• the DIF is higher for concretes with lower strengths
• all DIFs are related to a strength measured at a specific “quasi-static” strain rate
• the strength enhancement is different for tension and compression.

This DIF formulation for concrete in compression has typically been accepted by most
researchers as an accurate representation of actual behavior, and is of direct application in
numerical analyses [1-5].

Tension

The dynamic increase factor (DIF) for the tensile strength, is given by:
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for &ε  > 30 s-1

where ƒt   =  dynamic tensile strength at &ε
ƒts  =  static tensile strength at &ε s

ƒt / ƒts  =  tensile strength dynamic increase factor
&ε   =  strain rate in the range of 3 x 10-6 to 300 s-1

&ε s  =  3 x 10-6 s-1  (static strain rate)
log β =  7.11δ - 2.33
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δ  =  1/(10+6ƒcs /ƒco)
ƒco =  10 MPa  =  1450 psi      

This tensile DIF is plotted in Figure 1 versus strain rate for two concrete compressive
strengths, 30 and 70 MPa (4350 and 10150 psi).  In a log-log plot, the curves obtained are
bilinear.  As in the compression case, these curves have a discontinuity in their slope which,
according to the CEB formulation, occurs at a strain rate of 30 s-1.  The CEB expression is
reported to be valid up to 300 s-1, where the factor is 3.9 for the 30 MPa (4350 psi) concrete.
Although this is significantly higher than the compression DIF at that same strain rate, several
researchers have reported even higher enhancement factors in tension.

DATA AT HIGH STRAIN RATES

Several sets of data are available for strain rates in the range of  1 s-1 to 200 s-1 in tension,
as follows.

Mellinger and Birkimer’s data

Mellinger and Birkimer [21]  completed two sets of 3 tests on plain concrete cylinders.
The cylinders were 10.25 inches long and 2 inches in diameter, and loaded under end impact.  The
compression wave from the impact would travel along the specimen and get reflected at the end
of the specimen as a tension wave.  If the total stress due to the reflected tension wave minus the
incident compression wave exceeded the concrete tensile strength the specimen would rupture.
For the first set of 3 tests, the dynamic tensile strength was somewhere between 2500 and 3210
psi (17.2 to 22.1 MPa), compared to a static tensile strength of 491 psi (3.4 MPa), obtained at a
quasi-static strain rate of about 0.57x10-6 s-1.  This represents a DIF between 5.1 and 6.5 (average
5.8) at a strain rate of about 20 s-1.  For the second set of 3 tests, the dynamic tensile strength was
somewhere between 2240 and 4000 psi (15.4 and 27.6 MPa), i.e. a DIF between 4.5 and 8.1
(average 6.3) at a strain rate of about 23 s-1.  These two points are shown in Figure 2.

Birkimer’s thesis data

For his thesis work, Birkimer conducted 46 impact tests on plain concrete cylinders at
strain rates between 2 and 23 s-1 [23].  The cylinders were 2 inches in diameter, and 35 inches in
length.  Static strength was 491 psi (as in Mellinger and Birkimer’s tests).  The corresponding
DIF varied from about 2.5 to 6.  For this range of strain rates the DIF was expected to be

proportional to & /ε1 3 (a straight line of slope 1/3 in a log-log plot).  Out of the 46 tests, 33 yielded
results, and are shown in Figure 2.



5

McVay’s data

McVay reports results from close-in explosions on concrete walls [24].  Concrete failure
was obtained in the form of back face spalling.  Two rate enhancement factors in tension of 7.1
and 6.7 were reported, at strain rates of about 38 and 157 s-1, respectively.

Ross’ data

Ross et al. tested several cylindrical concrete specimens in a Split-Hopkinson Pressure Bar
(SHPB) in direct tension, splitting tension (Brazilian test), and direct compression [7-15]. The
specimens diameter varied from 0.75 to 2 inches (19 to 51 mm) in diameter, and were 1.75 to 2
inches (45 to 51 mm) long.  The SHPB diameter was either 2 or 3 inches (51 or 76 mm).

In tension, most tests were conducted in the strain rate range from about 10-7 to 20 s-1.
Ross reported dynamic increase factors of up to 6.47 at 17.8 s-1.  These DIF values match well
with the previous DIF data at high strain rates, i.e. beyond 1 s-1.  Ross’ data points are shown in
Figure 2 as well.

John, Antoun and Rajendran’s data

John et al. [31,32] tested six sets of specimens in splitting tension in a Split Hopkinson
Pressure Bar.  Specimens with thickness of 0.25 and 0.50 in (6.4 and 12.7 mm) and diameters of
0.5, 1 and 2 inches (12.7, 25.4 and 50.8 mm) were tested.  The strain rates ranged from about
5x10-7 to 70 s-1, and measured DIF values reached up to 4.8 (Figure 2).

Antoun [32] also conducted plate impact tests to determine the spall strength, or uniaxial
strain tensile strength, which, for concrete, is assumed to be similar to the uniaxial unconfined
tensile strength.  Data from these tests fell within the scatter of the previous tensile splitting tests,
with DIF values in excess of 3.

Discussion

One important point to be made here is that all the data above the strain rate of 1 s-1,
obtained from the various test devices and procedures, show the same trend.  The data from
Birkimer et al. [21-23] were obtained by measurement of strain pulses on long concrete rods
impacted by metallic projectiles.  McVay [24] and Antoun [32] obtained their data by back
calculating stress and strain from spall tests.  Data collected by Ross et al. [7-15] were obtained
using two different size split Hopkinson pressure bars, three different specimen sizes, six different
concrete mixtures and two different type tensile specimens, direct tension and splitting tensile
(Brazilian test).  Finally, data by John et al. [31] was obtained from independent SHPB tests.  In
all cases, very high dynamic tensile strengths were observed, when compared to the quasi-static
strength of concrete, for strain rates above 1 s-1.
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COMPARISON BETWEEN ANALYTICAL MODELS

Quasi-static strain rate

To develop DIF versus strain rate curves, a quasi-static value of the strain rate has to be
adopted, where the DIF is taken as 1.  Since concrete properties are usually obtained following
ASTM standards, these were deemed appropriate for determining the quasi-static value of the
strain rate where the DIF curve starts.

For concrete cylinders in uniaxial unconfined compression, ASTM C39-94 recommends a
quasi-static loading rate of 20 to 50 psi/second (0.14 to 0.34 MPa/second).  For typical concretes
the modulus of elasticity is between 3 and 6 Msi (20 and 41 GPa), hence for the linear part of the
stress-strain curve, this translates into a test strain rate between 3x10-6 and 17x10-6 s-1.  If a
constant strain rate to failure at 0.002 strain is used, this corresponds to a test strain rate between
4x10-6 and 33x10-6 s-1  for concrete strengths between 3000 and 10000 psi (20 and 69 MPa).  This
is in agreement with the CEB quasi-static strain rate of 30x10-6 s-1 for compression [6].

For concrete cylinders in a tensile splitting test, ASTM C496 recommends a tensile rate of
loading of 100 to 200 psi/min (0.7 to 1.4 MPa/min).  For tensile strengths between 300 and 700
psi (2 and 5 MPa) this translates into times to failure of about 90 to 420 seconds.  If the tensile
strain at peak is (using ACI 318 formulas R11.2.1.1 and 8.5.1 and assuming linear behavior) :
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then the average strain rate to peak is between  0.28x10-6 and  1.3x10-6   s-1.  The CEB Model
Code recommends an actual strain at peak of 0.000150, yielding a range for the average strain
rate from  0.36x10-6 to  1.7x10-6  s-1.  Both ranges are slightly lower than the 3x10-6 s-1 used by
CEB.  A quasi-static strain rate of  1x10-6  s-1  seems more appropriate as the origin.

Scaling of Ross’ curve in tension

 Figure 1 shows a comparison between an early DIF curve by Ross and the CEB
formulation for concrete in tension [11].  At first these curves appear as two seemingly very
different alternatives, but this is actually due to the different choice for quasi-static strain rate.
The CEB curves start at 3x10-6 s-1 whereas the Ross curve starts at 1x10-8 s-1.  These are simply
two different definitions of static strength.  The recommended strain rate for a standard tensile
splitting tensile test (ASTM C496) is closer to the CEB quasi static loading rate.  It is known that
even slower loadings will result in measured compressive strengths lower than ƒ� c.  Hence the
Ross curve which starts 1x10-8 s-1 will already show a significant DIF at 3x10-6 s-1.

It was decided to scale the Ross curve so that its DIF would be 1 at 3.E-6 s-1, to match the
CEB curves.  Figure 1 shows that the first branch of the scaled Ross data now falls between the
30 and the 70 MPa CEB curves.  Hence, up to the change in slope, both models are in agreement.
More recent data by Ross uses a quasi-static strain rate of about 10-6 [7].
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ORIGIN OF THE CEB FORMULATION

The  CEB Model Code formulas are based on the 1988 CEB Bulletin 187 [33].  The CEB
Bulletin 187 itself is based on work by Reinhardt in 1985 [34].  In the bilinear CEB formulation,
the change in slope DIF versus strain rate curves is located at 30 s-1.  This is consistent with a
some theoretical models such as Weerheijm’s [34-37].  This is shown in Figure 3 (adapted from
Figure 9 of [34]) where the CEB formulation can closely follow the theoretical models of Kipp
and Grady, Mihashi and Whittmann, and Weerheijm.  However, that same figure shows that the
experimental data at high strain rates falls to the left of the theories and point to a change in slope
in the bilinear relationship closer to 1 s-1.  In fact Figure 9 of [34], Figure 4 of [35], Figure 16 of
[36], and Figure 1 of [37] (assuming E = 33 GPa = 4.8 Msi  as done in CEB Bulletin 187), all
show that the available data indicated a change of slope closer to 1 s-1.

In addition to the above data, John and Shah’s work also seems to point to a change of
slope around 1 s-1 [38].  Ross’ data, as shown in Figure 2, also supports this.

MODIFIED CEB FORMULATION

Data at Low Strain Rates

For concrete in tension, the number of researchers that have provided data in the range up
to 1 s-1 is also limited.  In particular the work of Cowell [39], Takeda and Tachikawa [40],
Hatano (as reported by Kvirikadze in reference [41]), Kormeling at al. [42], and Toutlemonde et
al. [43,44] should be mentioned.

Cowell reported strain rate enhancements for various concrete strengths (Figure 2) [39].
Cowell indicated that concretes with the lowest compressive strengths exhibited the highest DIF
in tension.  His static tests were conducted at stress rates of 3 psi/sec (0.02 MPa/sec) (similarly to
ASTM C-496).  Assuming a peak strain of 0.00015 and given the tensile strengths between 515
and 805 psi, the corresponding quasi-static strain rates should have been between 5.6x10-7 and
8.7x10-7 s-1, close to the suggested origin at 1x10-6 s-1 ,  but somewhat different from the reported
1.7x10-6 to  9x10-6 s-1.

Takeda and Tachikawa [40] reported some DIF values of up to 1.74 for strain rates
between 3x10-7 and 4x10-2 .  These values are in agreement with results from the other studies
(Figure 2).

Kvirikadze [41] reports work by Hatano for 4 strain rates of concrete in tension.  The
quasi-static strain rate was chosen as 10-6. The concrete static tensile strength was 384 psi (2.65
MPa).

Kormeling et al. [42] report 26 series of large Hopkinson bar tests  for strain rates of up to
1.5 s-1.  This data also shows an effect of concrete strength on the DIF (larger DIF for lower
concrete strengths), but it is lesser than the effect shown by Cowell’s data.
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Toutlemonde [43] reports tensile tests at 5 stress rates equivalent to strain rates between
10-6 and 1.7 s-1.  Tests on a dry concrete showed DIFs of up to 1.39 while tests on the same , but
wet, concrete resulted in DIFs of up to 2.1.  This supports the theory that part of the strain rate
enhancement is due to the presence of water [43,45].  DIF also seemed to increase for higher
water/cement ratios (i.e. decreasing compressive strength) [43].

Proposed Formulation

The available data at high strain rates seems to support that the change in slope occurs
close to  1 s-1 instead of at 30 s-1 as assumed by CEB (Figure 2).  In addition it seems appropriate
to assume the quasi-static strain rate at 1x10-6 s-1.  Hence a formulation similar to that of the CEB
was fitted against the available data for strain rates below 1 s-1, and for higher strain rates a slope
of 1/3 on a log (strain rate) versus log (DIF) plot was used, also following the CEB formulation.
The proposed formulation then becomes:
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for &ε  > 1 s-1

where ƒt   =  dynamic tensile strength at &ε
ƒts   =  static tensile strength at &ε s

ƒt /ƒts  =  tensile strength dynamic increase factor DIF
&ε   =  strain rate in the range of  10-6 to 160 s-1

&ε s  =  10-6 s-1  (static strain rate)
log β =  6 δ - 2
δ  =  1/(1+8ƒcs /ƒco)
ƒco =  10 MPa  =  1450 psi      

This new formulation is shown in Figure 4 for 30 and 70 MPa (4350 and 10150 psi),
together with the available data.

EFFECT OF STRAIN RATE ON BOND

A limited amount of research on the effects of strain rate on bond strength is available in
the literature [46-55].  Hansen and Liepins [46] concluded that “for all practical lengths of
embedment of bonded bars, the increase in load capacity of a bonded bar under dynamic loading
over static loading is due only to the increase of steel strength under dynamic loading.” Reinhardt
[48] concluded that, if the bond strength is linearly related to the concrete tensile strength, under
dynamic loading the bond strength would be linearly related to the dynamic concrete tensile
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strength.  Takeda [55] indicated that, under dynamic loading, the concrete strain field around the
bar is much narrower and could result in brittle steel fracture.  This could be numerically verified,
since the dynamic increase factors for concrete in tension are significantly larger than those for
reinforcing bars [16].

In summary, it appear that the original bond-slip equations, updated with the enhanced
concrete and reinforcing steel strengths at the current strain rate, would still be applicable.

CONCLUSIONS

A literature review was conducted to determine the available data to characterize the
effects of strain rate on the tensile strength of concrete.  In particular additional new data by Ross
et al. were considered.  The data support the dynamic increase factor being a bilinear function of
the strain rate (in a log-log plot), with no increases for strain rates below 10-6 , and with a slope
change at a strain rate of 1 s-1.  A DIF of about 7 was obtained at the highest measured strain rate
of 157 s-1.  The DIF formulation recommended by the European CEB was described, together
with its origins.  It was found that the data differed somewhat from the CEB recommendations,
and a similar formulation was proposed based on the experimental results.

The effects of strain rate on bond of reinforcement were also briefly addressed.  It is
expected that those effects will be accounted for if both the concrete and rebar strengths are
enhanced to reflect the strain rate.
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Figure 1.  Ross scaled versus CEB for concrete in tension.
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Figure 2.  Ross scaled and CEB versus test data.
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Figure 4.  Proposed modified CEB curves in tension.


